The aim of the note is to proof a regularity result for weak solutions to the Navier-Stokes equations that are locally in L ∞ (L 3,∞ ). It reads that, in a sense, the number of singular points at each time is at most finite. Our note is inspired by the paper of H. J. Choe, J. Wolf, M. Yang [1] .
Inroduction
Our note is very much motivated by the paper [1] . The authors of [1] consider a weak solution to the Cauchy problem for the Navier-Stokes equations with L 2 -initial data under the additional assumoption that it is bounded in time with values in the weak Lebesgue space L 3,∞ (R 3 ). They show that, at each instance of time, there exists at most a finite number of singular points.
What we would like is to extend this result to the local setting, including considerations near a flat part of the boundary, and to the standard notion of suitable solutions, see [2] , [4] , and [5] . Our proof seems to be shorter and straightforword.
Interior and bounded regularity will be analyised separately. Let us start with the interrior case.
Consider a suitable weak solution v and q in Q T = Ω×]0, T [, where Ω is a domain R 3 . The corresponding definition is due to F-H Lin, see [4] and Definition 1.1 of the this paper. It differs slightly from the original one, introduced by Caffarelli-Kohn-Nirenberg in [2] , just by a more convienient class for the pressure field. 
Definition 1.1. We say that a pair v and q is a suitable weak solution to the Navier-Stokes equations in Q T if:
In fact, it implies the following: one can select a representative of the function t → v(·, t) so that sup
Indeed, fix a representative for v such that the set of all singular points has zero 1D parabolic Hausdorff measure. Hence, for each time 0 < t 0 ≤ T , the set of singular points (x, t 0 ) has zero 1D Hausdorff measure. As it has been shown in [5] , the function z = (x, t) → v(z) is Hölder continuous in a parabolic vicinity of each regular point (x, t 0 ). So, the following is true:
for a.a. x ∈ Ω as t → t 0 and t < t 0 . Then, selecting a sequence of times t k < t 0 such that
It is important to notice that condition (1.4) provides the existence of non-trivial limit solutions that are arising from rescaling procedure around a singular point.
A local version of the main result of the paper [1] can be proved with the help of an idea from the paper [6] . To prove Theorem 1.2, we need intermediate statements that might be interesting themselves. In order to describe them, let us introduce the following scale invariant quantities:
is the mean value of the function x → q(x, t) over the ball B(x 0 , r). Also, let us abbreviate: B(r) = B(0, r), B = B(1), Q(r) = Q(0, r), Q = Q(1), A(v, r) = A(v, r; 0), etc.
The following proposition is a local version of the main regularity result of the paper [1] . 
and
There exists a positive number ε < 1 4 , depending on N and M only, such that if, for some 0 < r
In our further considerations, a scaled version of Proposition 1.3 is going to used. 
Next, let us discuss local regularity up to a flat part of the boundary. To formulate the corresponding results, the specific notation is needed:
are exploited. Now, the definition of suitable week solutiuons to the problem
for all −1 < t < 0 ans for all |x ′ | < 1, where
, is as follows, see [8] .
Definition 1.5. We say that a pair v and q is a suitable weak solution to the Navier-Stokes equations in
the pair v and q satisfies (1.13) in the sense of distributions and v satifies boundary condition (1.14) ; for a.a. t ∈] − 1, 0[, the local energy inequality
Here, our main assumtion remain the same:
(1.17)
Arguing as above, one can show that
A boundary version of our main result reads the folowing. In order state the auxiliary results, let us define similar scale invariant quantities, for example,
and so on. In addition, we introduce two other pressure quantities: 
There exists a positive constant ε < 1 4 , depending only on N and M only, such that, if, for some 0 < r ≤ 1/2,
The scale version of Proposition 1.7 reads the following. 
There exists a positive constant ε < 1/4, depending only on N and M only, such that, if, for some
2 Proof of Theorem 1.2
Let us fix an arbitrary subdomain Ω 1 ⋐ Ω and let δ = dist(Ω 1 , ∂Ω) > 0 and 
It is easy to verify that two inequalities
The number ε(M, N) of Proposition 1.3 can be determined as numbers M and N are known. Let S be a set of all singular points of v in {(x 0 , T ) : x 0 ∈ Ω 1 }. Assume that it contains more than M 3 ε −4 elements. Letting P = [M 3 ε −4 ] + 1, one can find P different singular points (x k , T ), k = 1, 2, ..., P , of the set S. Then, pick up a positive number R < R * such that B(x k , R) ∩ B(x l , R) = ∅ if k = l, k, l = 1, 2, ..., P . According to Proposition 1.4, for all r ∈]0, 1/2R], the following should be true:
for all k = 1, 2, ..., P . Now, we let r = r 0 = 1/2R and, after summation over k, we arrive at the following inequality
The latter inequality implies that P ≤ M 3 ε −4 < P . It is a contraduction. The theorem is proved.
Proof of Theorem 1.6
Let us first prove that the number of singular points of v in the set b(r 0 )×{t = 0}, where b(r 0 ) = {x ∈ R 3 : x = x ′ , |x ′ | ≤ r 0 }, is finite. We let 2R * = (1 − r 0 )/2. Our further arguments are very similar to ones used in the previous chapter, see [8] . Indeed, for all space-time points z 0 = (x 0 , 0), where x 0 ∈ b(r 0 ), we have
Now, having in hands number M and N, we may find the number ε of Proposition 1.7. Let us denote the set of all singulars points of the form z 0 = (x 0 , 0) with x 0 ∈ b(r 0 ) by S b . Then, repeating arguments of the proof of Theorem 1.2 with half balls instead of balls, we show that the number of elements of S b is bounded by M 3 /ε 4 . Now, it remains to establish that any singular point, belonging to a flat part of the boundary, cannot be the limit point of a sequence of singular points from the interior of a half ball. To this end, we argue ad absurdum. + (r 0 ) with 0 < x 3 ≤ R * /2, the following is valid:
Denoting z * = (x * , 0) and z
It is easy to check that
as 2x * 3 ≤ R * . Hence, the number N is determined by the following inequality E(v, x 3 * ; z * ) + D 0 (v, x 3 * ; z * ) ≤ cC 1 =: N and one can find the number ε(M, N) of Proposition 1.3.
Let us pick up P different elements
Our further arguments are the same as in the proof of Theorem 1.2. Theorem 1.6 is proved.
Proof of Proposition 1.3
We need an auxilary local regularity result, which is in fact a sufficient condition of regularity on one scale, see paper [9] . Proposition 4.1. Let v and q be a suitable weak solution to the NavierStokes equations in Q(z 0 , R).
Given Z > 0, there exist positive numbers ε ⋆ = ε * (Z) and c * = c * (Z) such that if two conditions
hold, then v and ∇v are Hölder continuous is the closure of Q(z 0 , R/2). Moreover,
As in paper [1] , we argue as absurdum. Indeed, if we assume that the statement of Proposition 1.3 is false, then, according to Proposition 4.1, there are positive numbers M and N such that there exist a sequence of suitable weak solutions v k and q k , sequences of numbers 0 < r k ≤ 1/2 and ε k → +0 with the following properties:
Moreover, the same arguments as in the proof of the main theorem lead to the inequality for energy scale invariant quantities:
for all 0 < r ≤ 1/2 and for all z 0 ∈ Q(1/2). Now, our functions can be scaled in the following way:
where x = r k y, t = r 2 k s and e = (y, s) ∈ Q(1/r k ). New functions u k and p k satisfy the Navier-Stokes equations in Q(1/r k ),
and u
Without loss of generality, one may assume that r k → r * as k → ∞. There are two case: r * = 0 and r * > 0.
Let us first consider the case r * = 0. Here, we can fix an arbitrary spacetime point e 0 = (y 0 , s 0 ), a number 0 < R < for sufficiently large k. Moreover, (4.3) and (4.4) can be transformed into the following:
for all ̺ ∈ [2ε k , 1] and for all k.
Higher derivatives can be evaluated as in [8] . So,
for all 0 < R < 1 4 1 r k . Now, let us pass to the limit as k → ∞, taking into account estimates (4.6) and (4.9). Then, after using known compactness arguments, we get the so-called local energy ancient solution u and p, having the following properties:
(B(R))) for any R > 0;
(Q(R)) for any R > 0; the pair u and p is a suitable weak solutionto the Navier-Stokes equations in each Q(R);
for any R > 0 and e 0 ∈ Q − ;
for any ̺ ∈]0, 1], and finally u(x, 0) = 0 (4.10)
for any x ∈ B. The latter identity follows from the known inequality
that is valid for any α > 0. Now, let us consider the case r * > 0. Our first remark is that (4.6) remains to be true for all e 0 = (y 0 , s 0 ) from the unit parabolic ball Q and for the same R. Moreover, relationships (4.7)-(4.9) are completely the same as well. Repeating the same compactness arguments, we can easily pass to the limit as k → ∞ and conclude that there exist functions u and p with the following properties:
the pair u and p is a suitable weak solutionto the Navier-Stokes equations in each Q (1/4) ;
for any ̺ ∈]0, 1/4], and finally u(y, 0) = 0 for any y ∈ B(1/4). Obviously, the restriction of u and p of the first case r * = 0 to the parabolic ball Q(1/4) have the properties as above and in what follows we shall work with such a restriction.
The crucial point here is a reduction to backward uniqueness for the heat operator with lower order terms, see [3] . To this end, we select a sequence of positive numbers ̺ k , tending to zero. Then, the new scaling is: Now, using arguments of the paper [3] , we show that w ≡ 0 in R 3 ×]−1, 0[. This is a contradiction. So, Proposition 1.3 is proved.
Proof of Proposition 1.7
Since our proof of the proposition is similar to the proof of Proposition 1.3, we just outline it. We start with a certain boundary regularity condition, following the paper [9] . Assume that Proposition 1.7 is false. Then, there exist sequeneces v k , q k , 0 < r k ≤ 1/2, and ε k → +0 such that In order to provide compactness, higher derivatives are evaluated so that:
